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Abstract
Let S = {x1, . . . , xn} be a set of n distinct positive integers. The matrix having the greatest
common divisor (GCD) (xi , xj ) of xi and xj as its i, j -entry is called the greatest common
divisor matrix, denoted by (S)n. The matrix having the least common multiple (LCM) [xi, xj ]
of xi and xj as its i, j -entry is called the least common multiple matrix, denoted by [S]n. The
set is said to be gcd-closed if (xi , xj ) ∈ S for all 1  i, j  n. In this paper we show that if
n  3, then for any gcd-closed set S = {x1, . . . , xn}, the GCD matrix on S divides the LCM
matrix on S in the ring Mn(Z) of n× n matrices over the integers. For n  4, there exists
a gcd-closed set S = {x1, . . . , xn} such that the GCD matrix on S does not divide the LCM
matrix on S in the ring Mn(Z). This solves a conjecture raised by the author in 1998. © 2002
Elsevier Science Inc. All rights reserved.
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1. Introduction
Let S = {x1, . . . , xn} be a set of n distinct positive integers. The matrix having
the greatest common divisor (xi, xj ) of xi and xj as its i, j -entry is called the great-
est common divisor (GCD) matrix, denoted by (S)n. The matrix having the least
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common multiple [xi, xj ] of xi and xj as its i, j -entry is called the least common
multiple (LCM) matrix, denoted by [S]n. The set is said to be factor-closed if it
contains every divisor of x for any x ∈ S. Smith [14] showed that the determinant
of the GCD matrix (S)n on a factor-closed set S is the product
∏n
i=1 ϕ(xi), where
ϕ is Euler’s totient function. In [14], Smith also considered the determinant of the
LCM matrix on a factor-closed set. It was shown to be the product
∏n
i=1 ϕ(xi)π(xi),
where π is the multiplicative function which is defined for the prime power pr by
π(pr) = −p. Since then many results (see, for examples, [2–13]) concerning GCD
matrices and LCM matrices have been published.
The set S is gcd-closed if (xi, xj ) ∈ S for all 1  i, j  n. In [4], Beslin and Ligh
generalized Smith’s result on GCD matrices by showing the determinant of the GCD
matrix defined on a gcd-closed set S = {x1, . . . , xn} is the product∏nk=1 αk , where
αk =
∑
d|xk
d†xt ,xt <xk
ϕ(d). (1)
In [6], Bourque and Ligh extended Smith’s result on LCM matrices by showing
that the determinant of the LCM matrix defined on a gcd-closed set S = {x1, . . . , xn}
is the product
∏n
k=1 x2kβk, where
βk =
∑
d|xk
d†xt ,xt <xk
g(d), (2)
with the arithmetical function g defined by g(m) = 1
m
∑
d|m dµ(d), and the function
µ is the Möbius function. Bourque and Ligh [6] conjectured that the LCM matrix
[S]n on a gcd-closed set S is nonsingular. In [9–12] we gave systematical investi-
gations for the Bourque–Ligh conjecture. In [12] we showed that the Bourque–Ligh
conjecture is true for n  7, and is not true for n  8. Note also that we proved that
this conjecture is true for a certain class of gcd-closed sets [10].
If S is a factor-closed set, then one can see from the Bourque–Ligh result (see
[6, Theorem 3]) that the GCD matrix on S divides the LCM matrix on S in the ring
Mn(Z) of n× n matrices over the integers. Although it is well known that this result
is not true for the general set S of distinct positive integers (see [6, Remark 2]), it is
not clear that this result is true for the gcd-closed set S. Namely, one has the following
question.
Question 1.1. Let S = {x1, . . . , xn} be a gcd-closed set. Does the GCD matrix on S
divide the LCM matrix on S in the ring Mn(Z)?
In [11], we conjectured that the answer to Question 1.1 is affirmative. In this
paper, we will give a complete answer to Question 1.1 by using our previous method
(see [9–12]). We will show that if n  3, then for any gcd-closed set S = {x1, . . . , xn},
the GCD matrix on S divides the LCM matrix on S in the ring Mn(Z). For n  4,
there exists a gcd-closed set S = {x1, . . . , xn} such that the GCD matrix on S does
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not divide the LCM matrix on S in the ring Mn(Z). So Conjecture 1.1 in [11] is
true for n  3, and is not true for n  4. In a forthcoming paper, we will extend the
results on GCD matrices and LCM matrices presented in this paper to the matrices
associated with arithmetical functions.
2. Reduction for the formula of αk
In [12] we gave a reduction for βk by introducing the concept of greatest-type
divisor. In the present section we will give a similar reduction for αk using the similar
ideas as in [9,12]. First one needs a generalization of the principle of cross-classifica-
tion in [9] to give a preliminary reduction for the formula of αk. For the convenience
of the reader, we here give an alternative proof using induction.
Lemma 2.1 [9,Lemma 1]. Let R be any given finite set and f any complex-valued
function defined on R. For a subset T of R, we denote by T¯ the set of those elements
of R which are not in T, i.e., T¯ = R\T . If R1, . . . , Rm are given m distinct subsets of
R, then one has
∑
x∈⋂mi=1 R¯i
f (x) =
∑
x∈R
f (x)+
m∑
t=1
(−1)t
∑
1i1<···<itm
∑
x∈⋂tj=1 Rij
f (x). (3)
Proof. We use induction on m to prove Lemma 2.1. Let M denote the left-hand side
of Eq. (3), and let N denote the right-hand side of Eq. (3).
If m = 1, then the result is clear. Now let m = 2. Then one has
M=
∑
x∈R¯1∩R¯2
f (x)
=
∑
x∈R1∪R2
f (x)
=
∑
x∈R
f (x)−
∑
x∈R1∪R2
f (x)
=
∑
x∈R
f (x)−
∑
x∈R1
f (x)−
∑
x∈R2
f (x)+
∑
x∈R1∩R2
f (x)
=N,
as one desired. In what follows let m  3. Assume that Lemma 2.1 is true for the
case m− 1. Now consider the case m. One has
M =
∑
x∈(⋂m−1i=1 R¯i )∩R¯m
f (x) =
∑
x∈⋃m−1i=1 Ri∩R¯m
f (x).
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It then follows from the result for the case m = 2 that
M=
∑
x∈R
f (x)−
∑
x∈⋃m−1i=1 Ri
f (x)−
∑
x∈Rm
f (x)+
∑
x∈(⋃m−1i=1 Ri)∩Rm
f (x)
=
∑
x∈⋃m−1i=1 Ri
f (x)−
∑
x∈Rm
f (x)+
∑
x∈⋃m−1i=1 (Ri∩Rm)
f (x)
=
∑
x∈⋃m−1i=1 Ri
f (x)−
∑
x∈Rm
f (x)+
∑
x∈R
f (x)−
∑
x∈⋃m−1i=1 Ri∩Rm
f (x)
=
∑
x∈⋂m−1i=1 R¯i
f (x)−
∑
x∈Rm
f (x)+
∑
x∈R
f (x)−
∑
x∈⋂m−1i=1 Ri∩Rm
f (x). (4)
By the inductive hypothesis, one has
∑
x∈⋂m−1i=1 R¯i
f (x) =
∑
x∈R
f (x)+
m−1∑
t=1
(−1)t
∑
1i1<···<itm−1
∑
x∈⋂tj=1 Rij
f (x) (5)
and
∑
x∈⋂m−1i=1 Ri∩Rm
f (x)=
∑
x∈R
f (x)+
m−1∑
t=1
(−1)t
×
∑
1i1<···<itm−1
∑
x∈⋂tj=1 Rij ∩Rm
f (x). (6)
It follows from Eq. (4)–(6) that M = N . Thus the result for the case m is also true.
The proof of Lemma 2.1 is complete. 
Lemma 2.2 [1]. Let n  1 be an integer. Then one has∑
d|n
ϕ(d) = n.
Lemma 2.3. Let n  1 be an integer. Let S = {x1, . . . , xn} be a gcd-closed set and
x1 < · · · < xn. If αk is defined as in (1), then one has
αk = xk +
k−1∑
t=1
(−1)t
∑
1i1<···<itk−1
(xk, xi1, . . . , xit ), (7)
where (xk, xi1, . . . , xit ) denotes the greatest common divisor of xk, xi1 , . . . , xit .
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Proof. Let k be fixed. In Lemma 2.1, let m = k − 1, f (x) = ϕ(x) and R = {d ∈
Z+ : d|xk, xk ∈ S}. For 1  i  k − 1, let Ri = {d ∈ R : d|xi, xi ∈ S}. Then one
has Ri = {d ∈ Z+ : d|(xk, xi)}. By Lemma 2.1, one has
αk =
∑
d|xk
ϕ(d)+
k−1∑
t=1
(−1)t
∑
1i1<···<itk−1
∑
d|(xk,xi1,...,xit )
ϕ(d). (8)
By Lemma 2.2, one has
∑
d|xk ϕ(d) = xk and for 1  i1 < · · · < it  k − 1(1 
t  k − 1), one has∑
d|(xk,xi1,...,xit )
ϕ(d) = (xk, xi1 , . . . , xit ). (9)
It then follows from Eqs. (8) and (9) that (7) holds. This completes the proof of
Lemma 2.3. 
Consequently, we give further reduction for the formula of αk . In a similar way
as in [12, Lemma 2], we can prove the following result (for simplicity, we omit the
proof).
Lemma 2.4. Let S = {x1, . . . , xn} be a gcd-closed set. Let Tk = {x ∈ S : x < xk,
x † xk}, 1  k  n. Let {x1, . . . , xk}\Tk = {xk,1, . . . , xk,rk }, where x1 = xk,1 <
xk,2 < · · · < xk,rk = xk, 2  rk  k. Then one has
αk = xk +
rk−1∑
t=1
(−1)t
∑
1i1<···<itrk−1
(xk, xk,i1 , . . . , xk,it ).
Definition [12]. Let T be a set of distinct positive integers. For any a, b ∈ T and
a < b, we say that a is a greatest-type divisor of b in T, if a|b and it can be deduced
that c = a from a|c, c|b, c < b, and c ∈ T .
Lemma 2.5 [12,Lemma 3]. Let S = {x1, . . . , xn} be a gcd-closed set. Let Rk =
{yk,1, . . . , yk,lk } be the set of the greatest-type divisors of xk (1  k  n) in S, where
yk,1 < · · · < yk,lk , l1 = 0, l2 = l3 = 1, and 1  lk  k − 2 for k  4. Then one has
βk = 1
xk
+
lk∑
t=1
(−1)t
∑
1i1<···<itlk
1
(xk, yk,i1 , . . . , yk,it )
.
In a similar way as in the proof of [12, Lemma 3], one can prove the following
result (for simplicity, we still omit the proof).
Lemma 2.6. Let S = {x1, . . . , xn} be a gcd-closed set. Let Rk = {yk,1, . . . , yk,lk }
be the set of the greatest-type divisors of xk (1  k  n) in S, where yk,1 < · · · <
yk,lk , l1 = 0, l2 = l3 = 1, and 1  lk  k − 2 for k  4. Then one has
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αk = xk +
lk∑
t=1
(−1)t
∑
1i1<···<itlk
(xk, yk,i1, . . . , yk,it ).
3. On the factorization of least common multiple matrix
In this section, we give an answer to Question 1.1 as follows.
Theorem 3.1. Let n  1 be an integer.
(i) If n  3, then for any gcd-closed set S = {x1, . . . , xn}, the GCD matrix on S
divides the LCM matrix on S in the ring Mn(Z).
(ii) For n  4, there exists a gcd-closed set S = {x1, . . . , xn} such that the GCD
matrix on S does not divide the LCM matrix on S in the ring Mn(Z).
Proof. (i) Let S = {x1, . . . , xn} be a gcd-closed set. Without loss of generality, we
may let 1  x1 < · · · < xn.
Let n = 1. It is clear that the statement is true.
Let n = 2. Since S = {x1, x2} is gcd-closed, one has (x1, x2) = x1. One then has
x1|x2. So [x1, x2] = x2. It follows that
[S]2(S)−12 =
(
x1 x2
x2 x2
)(
x1 x1
x1 x2
)−1
=
(
0 1
x2/x1 0
)
. (10)
Let
A =
(
0 1
x2/x1 0
)
.
Then A ∈ M2(Z). From (10), one can deduce that [S]2 = A(S)2. Thus the statement
for the case n = 2 is true.
Let n = 3. Since S = {x1, x2, x3} is gcd-closed, one has x1|xi (i = 2, 3), and
(x2, x3) = x1 or x2. Consider the following two cases:
Case 1. (x2, x3) = x1. One then has
[S]3(S)−13 =

x1 x2 x3x2 x2 x2x3/x1
x3 x2x3/x1 x3



x1 x1 x1x1 x2 x1
x1 x1 x3


−1
=

−1 1 10 0 x2/x1
0 x3/x1 0

 ∈ M3(Z).
Thus the statement in this case is true.
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Case 2. (x2, x3) = x2. Then x2|x3 and [x2, x3] = x3. So one has that
[S]3(S)−13 =

x1 x2 x3x2 x2 x3
x3 x3 x3



x1 x1 x1x1 x2 x2
x1 x2 x3


−1
=

 0 0 1x2
x1
−1 1
x3
x1
0 0

 ∈ M3(Z).
Then the statement in this case follows immediately. This completes the proof of
Theorem 3.1(i).
(ii) Let n  4 be an integer and let a > 1, (a, 5) = 1, be any given integer. Now
let
xk = ak−1, 1  k  n− 3, xn−2 = 2b, xn−1 = 7b, xn = 28b,
where b = an−4. Then S = {x1, . . . , xn} is a gcd-closed set of n distinct positive
integers. First one has α1 = β1 = 1. For k, 2  k  n− 3, one has by Lemmas 2.5
and 2.6 that αk = ak−1 − ak−2 = ak−2(a − 1) and
βk = 1
ak−1
− 1
ak−2
= 1 − a
ak−1
.
Thus for 2  k  n− 3, one has
x2kβk
αk
= a
k−1(1 − a)
ak−2(a − 1) = −a. (11)
One also has by Lemmas 2.5 and 2.6 that
x2n−2βn−2
αn−2
= 4b
2((1/2b)− (1/b))
2b − b = −2 (12)
and
x2n−1βn−1
αn−1
= 49b
2((1/7b)− (1/b))
7b − b = −7. (13)
Since the greatest-type divisors of xn = 28b in S are 2b and 7b, then by Lemmas 2.5
and 2.6, one has
x2nβn
αn
= (28b)
2((1/28b)− (1/2b)− (1/7b)+ (1/b))
28b − 2b − 7b + b =
77
5
. (14)
Therefore it follows from Eqs. (11)–(14) that
det[S]n
det(S)n
=
n∏
k=1
x2kβk
αk
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=(−a)n−4 · (−2) · (−7) · 77
5
=(−1)n · 2 · 7
2 · 11 · an−4
5
.
Since (a, 5) = 1, (2 · 72 · 11 · an−4)/5 ∈ Z. So one has that det(S)n † det[S]n. Thus
one can deduce that the GCD matrix on S does not divide the LCM matrix on S in
the ring Mn(Z).
The proof of Theorem 3.1 is complete. 
From Theorem 3.1, one knows that if n  3, then for any gcd-closed set S = {x1,
. . . , xn}, the GCD matrix on S divides the LCM matrix on S in the ring Mn(Z). But
for n  4, there exists a gcd-closed set S = {x1, . . . , xn} such that the GCD matrix
on S does not divide the LCM matrix on S in the ring Mn(Z). So Conjecture 1.1 in
[11] is true for n  3, and is not true for n  4. One can also find some gcd-closed
sets S such that (S)n|[S]n holds in the ring Mn(Z). For example, if S = {x1, x2, . . . ,
xn} is factor-closed, then S is clearly gcd-closed. It is known [6, Theorem 3] that
(S)n|[S]n holds in the ringMn(Z). Another example is as follows: If S = {x1, x2, . . . ,
xn} satisfies that S is a divisor chain, namely, one has x1|x2| · · · |xn (see [10]), then S
is clearly gcd-closed. One can easily check that (S)n|[S]n holds in the ring Mn(Z).
Now let n  4 be an integer and let S = {x1, . . . , xn} be gcd-closed. We do not know
necessary and sufficient conditions on the gcd-closed set S that guarantee divisibility
of [S]n by (S)n in the ring Mn(Z). We raise the following open question.
Open Question 3.2. Let n  4 be an integer and let the set S = {x1, . . . , xn} of
n distinct positive integers be gcd-closed. Determine the necessary and sufficient
condition on S such that the GCD matrix (S)n on S divides the LCM matrix [S]n on
S in the ring Mn(Z).
Let S = {x1, . . . , xn} be a gcd-closed set. It is easy to see that if (S)n|[S]n holds
in the ring Mn(Z), then one has det(S)n|det[S]n. However, it is not clear that the
converse is true. We conclude this paper by making the following conjecture.
Conjecture 3.3. Let n  1 be an integer and let the set S = {x1, . . . , xn} of n dis-
tinct positive integers be gcd-closed. Then the GCD matrix (S)n on S divides the
LCM matrix [S]n on S in the ring Mn(Z) if and only if the determinant of the GCD
matrix (S)n on S divides the determinant of the LCM matrix [S]n on S.
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